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Abstract. Unparticles charged under a gauge group can contribute to the running of the gauge coupling. We
show that a scalar unparticle of scaling dimension d contributes to the β function a term that is (2−d) times
that from a scalar particle in the same representation. This result has important implications for asymp-
totic freedom. An unparticle with d > 2, in contrast to its matter counterpart, can speed up the approach
to asymptotic freedom for a non-Abelian gauge theory and has the tendency to make an Abelian theory
also asymptotically free. For not spoiling the excellent agreement of the standard model (SM) with precision
tests, the infrared cut-off, m, of such an unparticle would be high but might still be reachable at colliders
such as LHC and ILC. Furthermore, if the unparticle scale ΛU is high enough, unparticles could signifi-
cantly modify the unification pattern of the SM gauge couplings. For instance, with three scalar unparticles
of d∼ 2.5 in the adjoint representation of the strong gauge group but neutral under the electroweak one, the
three gauge couplings would unify at a scale of ∼ 8×1012 GeV, which is several orders of magnitude below
the supersymmetric unification scale.

PACS. 12.90.+b; 14.80.-j; 11.10.Hi; 12.10.Dm

Asymptotic freedom [1–3] had been historically stimulated
by the suggestion [4] and observation [5] of Bjorken scal-
ing in deeply inelastic scattering and contributed signifi-
cantly to the establishment of quantum chromodynam-
ics, a non-Abelian gauge theory, as the correct theory of
strong interactions. It further offered insight in the en-
deavors [6] to unify strong and electroweak interactions:
these interactions, though very different in their strength
at low energies, may originate from a unified theory with
a single coupling constant at some high energy scale [7],
since the strength of strong interactions decreases as en-
ergy increases.
Central to the idea of asymptotic freedom is the nega-

tive sign of the β function, which determines renormaliza-
tion group running of a coupling. It has been well estab-
lished in quantum field theory [8] that only non-Abelian
gauge theory can have a negative β if it does not contain
too many matter fields. The latter restriction is necessary
since all matter fields contribute positively to the β func-
tion. In particular, if there is only interaction with the
matter fields in an Abelian gauge theory this is not asymp-
totically free.
Nevertheless, we want to show in this work that some-

thing very different from this can occur when gauge bosons
are coupled to some effective degrees of freedom arising
from a certain scale invariant sector at higher energies. Un-
particles as suggested recently by Georgi [9] provide a con-
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crete realization of such a degree of freedom, on which our
work is based. We find that an unparticle charged under
a gauge group contributes to the β function of the gauge
coupling a term that is a multiple of the one from a matter
field charged identically under the group. The multiplica-
tion factor can be of either sign, depending on the scaling
dimension of the unparticle. This result has a major impact
on asymptotic freedom. An unparticle with an appropriate
scaling dimension can speed up the approach to asymp-
totic freedom of a non-Abelian theory and can make an
Abelian theory become asymptotically free. If unparticles
are charged under the SM gauge group, they will signifi-
cantly modify the pattern of the grand unification.
Although our finding is surprising and in sharp contrast

to the conventional statement on matter fields, we do not
see any obvious conflict between the two. The reason is
that the unparticle field is not a field in the conventional
sense. Its quantum, an unparticle, is totally different from
the particle quantum of a conventional field. It does not
enjoy mass as one of its defining properties; instead, its
kinematics is largely determined by the scaling dimension
of its field, d, generally a non-integral number. The latter
makes the unparticle field a non-local object that interacts
differently from a conventional local field.
The original work of [9] has triggered intensive activi-

ties in unparticle physics in the past few months. Many of
its salient features have been unveiled, investigated and ap-
plied [10–59] through interactions with the SM particles.
Most of these interactions imply implicitly that unparticles
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are actually charged under the SM gauge group, GSM =
SU(3)c×SU(2)L×U(1)Y , but no attempt has been made
to incorporate direct gauge interactions of unparticles un-
til very recently in [52]. Although this issue has already
been challenged in [9], it is non-trivial because of the non-
local nature of the unparticle field. Fortunately, a similar
problem was successfully treated some years ago in mod-
eling low energy chiral dynamics of Goldstone bosons by
dynamical quarks [60, 61]. A dynamical quark with a non-
trivial momentum-dependent effective mass implies a non-
local term in its Lagrangian that, when gauged, yields
non-local interactions between the dynamical quark and
gauge fields. The first phenomenological, interesting result
has been obtained in [52]. We shall demonstrate that this
non-local gauging of unparticle fields has far-reaching im-
plications on the running properties of the gauge couplings
themselves.
The scale invariance of the unparticle field determines

the density of states in phase space of a scalar unparticle
of momentum p to be proportional to θ(p0)θ(p2)(p2)d−2.
Then unitarity considerations imply the following propa-
gator [10, 11]:

iD(p) =
Ad

2 sin(πd)

i

(−p2− iε)2−d
, (1)

where Ad is a normalization factor inessential to our dis-
cussion. If scale invariance does not extend to arbitrarily
low energy, some modifications to the above are required.
The simplest way would be to add an infrared cut-off m2

to the inside of the above power [21], and we shall follow
this ansatz, although this will not affect our result in the
ultraviolet.
The propagator is supposed to be derived from a La-

grangian quadratic in the unparticle field U(x). The latter
is generally non-local for d non-integral or greater than 2,
with the action

S0 =

∫
d4xd4yU†(x)D̃−1(x−y)U(y) , (2)

where D̃−1(z) is the Fourier transform ofD−1(p). When U
is charged under a local gauge group, the usual minimal
coupling for a local field does not yield a gauge invariant
term. Instead, a convenient way to build an invariant form
is to invoke the Wilson line [52]:

S =

∫
d4xd4yU†(x)D̃−1(x−y)

×P exp

[
−igT a

∫ y
x

Aaµdw
µ

]
U(y) , (3)

where P denotes path-ordering in the generators T a of the
gauge group in the unparticle representation. A systematic
approach was developed in [60, 61] to derive interaction
vertices from such an action.
For our purpose of computing the unparticle contribu-

tion to the β function, we consider the vacuum polarization
diagrams shown in Fig. 1, which require the following two

Fig. 1. Unparticles contributions to the vacuum polarization

vertices:

igΓ aµ(−(p+ q), p; q)

= igT a(2p+ q)µE1(p; q),

ig2Γ abµν(−(p+ q1+ q2), p; q1, q2)

= ig2
{
{T a, T b}gµνE1(p; q1+ q2)

+T aT b(2p+ q2)
ν(2p+2q2+ q1)

µE2(p; q2, q1)

+ T bT a(2p+ q1)
µ(2p+2q1+ q2)

νE2(p; q1, q2)
}
,

(4)

where all momenta are meant to be incoming with the first
two for the unparticles and others for the gauge bosons,
and the recursive form factors are

E0(p) =D
−1(p) ,

E1(p; q1) =
E0(p+ q1)−E0(p)

(p+ q1)2−p2
,

E2(p; q1, q2) =
E1(p; q1+ q2)−E1(p; q1)

(p+ q1+ q2)2− (p+ q1)2
. (5)

The case of scalar particles is nicely recovered in the limit
d→ 1 by noting that Ad

2 sin(πd) →−1, E1→ 1 and that the
recursion terminates at E2→ 0.
The imaginary part of the diagrams has been computed

in [52] in a sophisticated manner. We shall do a complete
calculation for the whole diagrams, and the result turns out
to be surprisingly simple. The first diagram is

iAµν1 = g
2trT aT b

∫
dnp

(2π)n
(2p+ q)µ(2p+ q)ν

(2pq+ q2)2

×

[
D(p)

D(p+ q)
+
D(p+ q)

D(p)
−2

]
, (6)

which is symmetric in (2−d)↔ (d−2) as can be seen by
p→−(p+ q). We work in n dimensions, where the power
in D(p) should be replaced by n2 −d for consistency, but
this does not affect the extraction of the β function. The
second diagram is

iAµν2 =−g
2trT aT b

∫
dnp

(2π)n
D(p) {2gµνE1(p; 0)

+ (2p− q)ν(2p− q)µE2(p;−q, q)

+ (2p+ q)µ(2p+ q)νE2(p; q,−q)} , (7)
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where

E1(p; 0) =−
2−d

m2−p2− iε

1

D(p)
. (8)

The second term in iAµν2 can be made equal to the third
one by p→ −p and using E2(−p;−q, q) = E2(p; q,−q).
A little algebra gives

iAµν2 =−2g
2trT aT b

∫
dnp

(2π)n

×

{[
(2p+ q)µ(2p+ q)ν

2qp+ q2
− gµν

]
2−d

m2−p2− iε

+
(2p+ q)µ(2p+ q)ν

(2qp+ q2)2

[
D(p)

D(p+ q)
−1

]}
, (9)

where the first term is odd in (2−d). By p→−(p+ q), the
second one can be cast in a form that amounts to (2−d)→
(d−2), and averaging it with the original form yields ex-
actly −iAµν1 . Thus we have

i(A1+A2)
µν =−2g2trT aT b

∫
dnp

(2π)n
2−d

m2−p2− iε

×

[
(2p+ q)µ(2p+ q)ν

2qp+ q2
− gµν

]
. (10)

Applying again the same trick to the first term in the above
sum yields the final answer:

i(A1+A2)
µν

= (2−d)g2trT aT b
[∫

dnp

(2π)n
2gµν

m2−p2− iε

+

∫
dnp

(2π)n
(2p+ q)µ(2p+ q)ν

[m2− (p+ q)2− iε][m2−p2− iε]

]
.

(11)

Namely, the scalar unparticle contribution to the vacuum
polarization is (2−d) times that of the scalar particle in
the same representation.
A few comments are in order. The above manipula-

tion is much simpler than that in [52] while yielding an
even stronger result: the relation between the unparticle
and particle contributions holds not just for the imaginary
part as explicitly shown there, but for the whole ampli-
tude. This result is consistent with the ‘slick’ argument in
that paper based on path integrals, which however could be
dangerous due to the presence of ultraviolet singularities
and non-locality. The relation for the imaginary part and
the conventional optical theorem for particles were further
employed in [52] to obtain the cross section for pair pro-
duction of colored unparticles via one gluon exchange from
the initial quark and anti-quark state. A potential problem
with the naive application of the theorem in the present
model is discussed in the appendix. The conclusion drawn
from the discussion is that the subtlety does not pose an
obstacle to our main interest of calculating unparticle ef-
fects on the running of gauge couplings.
Having obtained the vacuum polarization, the contri-

bution to the β function can be written down directly

for nU the species of unparticles in the representation rU of
the gauge group:

β(g)U = (2−d)
1

4
nU

g3

(4π)2
4

3
C(rU ) , (12)

where (2−d) is as computed, 14 for scalars and the last fac-
tors are standard for a fermion particle multiplet in the
representation rU with trT

aT b = C(rU )δ
ab. This result is

simple and surprising. As argued in [9], an unparticle with
scale dimension d kinematically looks like a number d of
invisible massless particles, but its contribution to the β
function does not look like a matter field but something
opposite: the d term has a minus sign. That β(g)U hap-
pens to vanish at d = 2 is a result in four dimensions; at
this value all interactions are absent as is clear from the ac-
tion. Concerning d, there are no real constraints but the
one from analysis of unitary representations in conformal
theory: d≥ 1 for a scalar object [62]. Thus, the unparticle
term could be of either sign.
Particularly interesting is the possibility that d > 2. In

this case, unparticles behave oppositely to matter fields in
affecting the running of a gauge coupling. A non-Abelian
gauge theory can approach the asymptotic freedom faster
when it is coupled to such unparticles fields. An Abelian
gauge theory, which is otherwise not asymptotically free,
could become asymptotically free if the unparticle contri-
bution dominates over that of matter fields. At first sight,
this might look like of merely academic interest since the
running of the SM gauge couplings has been well tested;
see for instance [63] for a recent review on experimental
tests of asymptotic freedom in QCD. This is not necessarily
true. Unparticles as a remnant of some scale invariant the-
ory at high energy could become relevant at a scale that is
a bit higher than a few hundred GeV, up to which the run-
ning of the SM gauge couplings has only been measured.
To avoid spoiling the well-tested region, we thus require an
infrared cut-offm for unparticles that is high enough. Sup-
posing that the unparticle scaleΛU is much higher than the
electroweak scale, we shall thus investigate how the unifica-
tion of the gauge couplings in SM could be affected at high
energy scales in between.
The β functions for the three gauge couplings in SM are

β(gs)SM =−
g3s
4π2
7

4
, β(g)SM =−

g3

4π2
5

6
,

β(g′)SM =
g′3

4π2
5

3
. (13)

The unparticle terms should be added to the above accord-
ingly when they are charged under a gauge group. At the
scaleM , those couplings are expected to unify [6, 7]:

g2s(M) = g
2(M) =

5

3
g′2(M) . (14)

Their values at the Z boson mass have been well de-
termined. For those, we use the numbers from the Par-
ticle Data Group: g−2s (mZ) = 0.654, g

−2(mZ) = 2.354,
g′−2(mZ) = 7.826 with mZ = 91.19GeV. For illustration
purposes, we consider a simple scenario that contains
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nU species of scalar unparticles with dimension d, all in
the same representation rU of SU(3)c, but neutral under
SU(2)L×U(1)Y . In other words, g−2 and

5
3g
′−2 meet at

the same scale as they would in SM, M ∼ 8×1012GeV,
where g−2(M) = 3.418.
The value of g−2s (M) at the scaleM is shown in Fig. 2

as a function of d for nU species of scalar unparticles in the
fundamental (3) or adjoint (G) representation of SU(3)c.
The horizontal dash line corresponds to the point where
all three gauge couplings unify with the help of these un-
particles. It is interesting that with a few simply arranged
unparticles the unification scale for the SM gauge cou-
plings could be several orders of magnitude lower than the
one in the supersymmetric standardmodel [64]. Unparticle
physics may provide an alternative to ordinary new physics
for grand unification.
Unparticles should interact with particles observed in

experiments to be physically relevant. It is natural that
they carry charges under the SM gauge group. Due to non-
trivial scale dimensions of unparticle fields, their gauge
theory generally is non-local. While the interactions in
such a theory may be complicated, some properties are
reachable without ambiguities. Although these interac-
tions may back-react to break scale invariance of unparti-
cles below the electroweak scale or due to renormalization
effects, their leading effects to the running of gauge cou-
plings from the electroweak scale to the unparticle scale
can be consistently studied. We have shown that an unpar-
ticle field contributes to the β function of a gauge coupling
in a simple manner: the ordinary result for a matter field
multiplied by a factor depending on the unparticle’s scale
dimension. The point is that this factor could be of ei-
ther sign, instead of being positive-definite as in the matter
case. An Abelian gauge theory could become asymptoti-
cally free if the gauge boson interacts with an unparticle
of a large enough scale dimension. This new feature in the
β function could have implications in the other context of
gauge theory.
The effect on the β function could potentially modify

the pattern of unification of gauge couplings.We have illus-
trated this with a simple scenario showing that the unifica-
tion scale could be made several orders of magnitude lower

Fig. 2. g−2s (M) as a function of d for nU species of scalar un-
particles in the fundamental or adjoint representation of SU(3)c

than the one in supersymmetric unification. But there are
many uncertain factors in this unparticle-assisted unifica-
tion. It depends on the detailed arrangement of unparticles
under the SM gauge group, to which there currently seems
to be no guide. More uncertain is perhaps the impact from
high energy physics that produces unparticles; in our il-
lustrative example, we have implicitly assumed that the
unification scale is lower than the scale at which unparticle
degrees of freedom appear.
There are several things worthy to be explored. Un-

particle effects could be avoided by setting a large enough
cut-off m. But unparticles will become more relevant and
interesting if it is not too high. For instance, it might be
possible that some effects are observable at high energy col-
liders such as the LHC or ILC without spoiling the preci-
sion data at lower energies. They could also be detected in
ultra-high energy processes in astrophysics. All of this will
depend on a more or less complete model for unparticles in
the framework of electroweak and strong interactions.
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useful discussions. This work was supported in part by grants
NCET-06-0211 and NSFC-10775074.

Appendix

We show by symmetry analysis that the optical theorem
for particle scattering very likely breaks down for unpar-
ticles in the present model when it is straightforwardly
applied. We take the same process as computed in [52], i.e.,
q(p1)q̄(p2)→U(k1)Ū(k2), where quarks are treated mass-
less and the unparticle U has the color representation rU
with the generators T a normalized as trT aT b = C(rU )δ

ab.
The amplitude is

iA= v̄(p2)igsγµ
λa

2
u(p1)

−i

(p1+p2)2
igsT

a (k1−k2)
µ

k21−k
2
2

×

[
1

D(k1)
−

1

D(k2)

]
. (A.1)

Note thatD(ki) is complex forKi = k
2
i −m

2 > 0:

D(ki) =
Ad

2 sin(dπ)
Kd−2i e−i(π−ε)d . (A.2)

Doing color and spin summation and averaging and attach-
ing the phase space factors for unparticles, the differential
cross section is

dσ = sin2(dπ)
(
N2c −1

)
C(rU )

g4s
9s3

×
d4k1
(2π)4

d4k2
(2π)4

(2π)4δ4(p1+p2−k1−k2)

×
[
2p1(k1−k2)p2(k1−k2)−p1p2(k1−k2)

2
]

×
1

(K1−K2)2

[(
K1

K2

)2−d
+

(
K2

K1

)2−d
−2

]
,

(A.3)



Y. Liao: Effects of unparticles on running of gauge couplings 487

where the step functions for ki are implied and Nc = 3.
The apparent singularity at k21 = k

2
2 can be removed using

a trick [52]:

(
K1

K2

)2−d
=K1

1

Kd−11 Kd−22

=
K1

Γ (d−1)Γ (2−d)

∫ 1
0

dx
x1−d(1−x)d−2

K1(1−x)+K2x
,

(A.4)

so that allKi factors combine to

1

Γ (d−1)Γ (2−d)

×

∫ 1
0

dx
x2−d(1−x)d−2(2x−1)

[K1(1−x)+K2x][K2(1−x)+K1x]
.

(A.5)

For the symmetry analysis, we keep only relevant factors:

dσ ∝ sin3(dπ)

×

∫ 1
0

dx
x2−d(1−x)d−2(2x−1)

[K1(1−x)+K2x][K2(1−x)+K1x]
.

(A.6)

The pre-factor changes sign when (2− d)→ (d− 2), and
so does the integral as can be seen by x→ (1−x). The
cross section thus obtained is an even function of (2−d),
in contrast to the vacuum polarization, which is odd. Its
first non-vanishing derivative at d= 2 appears in the fourth
order, and thus the cross section is not a linear function of
d in the neighborhood of d= 2. This would be sufficient to
signal the breakdown of the particle optical theorem in the
unparticle gauge model.
This by itself should not be too surprising. Unparticles

do not correspond to asymptotic states in the usual sense
of the word, for which the issue of how to define an S ma-
trix is not yet settled. The calculations in the literature on
processes involving unparticles in the initial or final state
seem to go through the check of the naive optical theorem,
as the author has checked, but all those are restricted to
unparticles that are not charged under any gauge group.
The new element in the gauge model of [52] is the pres-
ence of the propagatorD(p) in the interaction vertices. For
non-integral d, this modifies the analyticity properties in
a non-trivial way. For instance, the interaction vertices are
even not Hermitian when an involved unparticle is above
its infrared cut-off, p2 >m2.
The situation is similar to that in the non-local chiral

quark model. One of the purposes to introduce a dynam-
ical quark mass had been to mimic the QCD effects on
the chiral dynamics of Goldstone bosons and to compute
the low energy constants in the chiral Lagrangian in par-
ticular [65]. A form for dynamical quark mass is generally
assumed for Euclidean momentum, whose limit in the deep
Euclidean region is well motivated. This is sufficient for
dynamics of Goldstone bosons, and no problem is antici-
pated when dynamical quarks are confined in loops. This

is also the case here: the unparticle is treated as an inter-
polating field or effective degree of freedom from certain
scale invariant physics whose loop effects on dynamics of
gauge fields are studied. No problem is thus expected for
the β function calculated in this paper that is related to the
real part of the vacuum polarization due to virtual unpar-
ticles. When trying to compute quantities of a ‘free’ quark,
however, e.g., the axial vector coupling of the constituent
quark [66], care must be taken and additional assumptions
are required for a dynamical quark mass in the time-like
region.
The possible breakdown of the optical theorem due to

the change of analyticity properties has a well-known ana-
log in non-commutative field theory. When Feynman rules
are naively derived, the optical theorem is indeed broken
when time does not commute with space [67]. The break-
down can be attributed to the appearance of phase factors
that involve the zero component of momentum in the naive
Feynman rules and modify the analyticity properties of
the Green functions in a significant way [68, 69]. A careful
treatment with them results in Feynman rules fulfilling the
optical theorem.
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